Abstract-Focal plane arrays are being developed to provide dishes with a wide field of view for both the next generation of radiotelescopes and to retrofit existing large radiotelescopes. We describe a prototype radiotelescope, comprising a two dish interferometer with real-time digital beamformer that was built to study focal plane array systems. Two beamformer weightings were applied to the system: A normalized conjugate match and the maximum sensitivity (G/T). Both incorporate the uncorrelated noise from the receiver chains and the latter includes correlated noise from spillover and coupling in the array. A black box approach is taken where the assembled system is considered and the only accessible data is that typically available from an operational radiotelescope. This approach is particularly suitable for complex active antennas where there is insufficient knowledge of the system for beamformer weights to be set a priori. It also allows adaptation to changes such as electronic gain drift, partial failures and alterations in the environment.
radioastronomy for some time [3] , [4] . These systems multiply the field of view available by the number of array elements but they do not provide a contiguous field of view as outlined by Johansson [5] . Veidt shows they typically require four or more interleaved pointings to fully sample the sky [6] . Conversely a dense FPA, where the elements are combined as a complex weighted sum, can fully sample a region of sky, providing contiguous coverage [6] . These feeds also have potentially much wider bandwidths and allow some correction of aberrations present in off-axis beams [6] [7] [8] .
Dense FPAs have come within reach due to progress in a number of areas. Advances in analogue electronics allow the use of uncooled low-noise amplifiers (LNAs) and hundreds of receiver chains per antenna. Improvements in electromagnetic analysis capabilities allow the joint optimization of the array structure and the connecting electronics, especially the LNA and matching components. Finally, developments in digital electronics and devices have made digital beamforming practical, bringing precision, stability and flexibility.
Early work on radioastronomy systems fitted with dense FPAs was done by the National Radio Astronomy Observatory, USA [1] , with continuing collaboration with Brigham Young University [9] , [10] . ASTRON made early contributions on several fronts including the array design in collaboration with others [11] , [12] and beamforming [2] . They continue an active program with an FPA on one of the Westerbork radiotelescope dishes [13] [14] [15] . The National Research Council of Canada has also pursued this technology [16] , reporting recent results of their 180 element prototype [17] . FPAs form an important part of plans for the Square Kilometre Array (SKA) [18] . CSIRO started investigating this area in the early 2000s, and is building the Australian SKA Pathfinder (ASKAP), a radiotelescope with 36 12-m dishes fitted with FPAs [19] .
A prototyping test bed for ASKAP was used for our experimental work. This test bed was built to gain experience in receiver, beamformer and system design.
The purpose here is to present results from the prototype radiotelescope, giving a more comprehensive account of beamforming than the early results in conference presentations [20] [21] [22] [23] .
The beamformer weightings used are based on formulations first applied to aperture arrays: The weighting of aperture arrays for maximum gain and G/T is detailed in [24] and [25] . The conjugate field match, with a history in horn feed design [26] , has been used as the basis for FPA beamforming [7] , [27] , [28] . This approach assumes the array elements are point field samplers and does not usually include mutual coupling effects. By 0018-926X/$26.00 © 2010 IEEE contrast the maximum gain or maximum directivity weightings do include these effects and have been applied to FPAs by Bird [29] and Lam et al. [30] . The maximum G/T has been applied to FPAs by Bird and Hayman [31] , Brisken [32] and Hansen et al. [33] and Jeffs et al. [34] among others.
The design of FPAs requires a full understanding of the system, including a detailed model of the electromagnetics of the FPA and its relationship to the reflector and the receiving system [32] , [35] , [36] . During development of an array, it is common to measure the scattering matrix and radiation patterns of the array separately from the receiver electronics. With knowledge of the characteristics of the electronics, the overall performance of the array can be predicted.
However once the system is assembled, access to internal ports is usually impractical, particularly once the array is integrated with the reflector. Therefore, a black-box approach was adopted for this work. We consider the situation where there the system can operate in two modes. Firstly where there is access to the beamformed output and secondly where each element's signal can be correlated against the others.
The implementation used is presented here to make it clear how the weights are calculated and how they relate to common figures of merit.
The next section discusses the implementation of the weighting formulation. Section III describes the prototype radiotelescope. The measurement details are provided in Section IV and they are discussed in Section V. Finally in Section VI, conclusions are drawn about the two beamformer weightings and the evaluation techniques.
II. IMPLEMENTATION
The standard definition of antenna gain [37] includes the dissipative losses in the antenna and does not include the match between the receiver and the antenna. When measuring an assembled active antenna such as a focal plane array, however, it is impossible to separate these effects from the electronic gain in the receiver electronics. The noise contributions of the antenna and receiver also cannot easily be separated. In the black box approach adopted (Fig. 1) , it is convenient to define the reference plane for the gain and system noise as the radiation port, consequently directivity is used as the reference for G/T evaluation. Dissipative losses in the antenna are assigned to the receiver. Some other approaches that assume modelled or measured knowledge of parameters internal to the active antenna are given in [38] [39] [40] [41] .
The voltage at the beamformer output, with the assumption that the array system is linear, is given by (1) where is the wavelength; the impedance of free space; the field strength of the desired signal in the co-polarization, denoted by subscripts and with unit vector definition ;
, the co-polarized embedded-element field-pattern (with final system loading, not open or shorted);
, the noise from all sources referred to the input of each el- ement; and , the adjustable complex weight. 1 The subscript and unit vector correspond to the cross-polarized components and is the cross-polarized embedded field-pattern. The constants have been chosen so that is the noise power and the directivity of the element (i.e. and , ) is (2) This formulation leads the and to include pattern distortion due to mutual coupling but not coupling loss or dissipative loss.
By using superposition it can be readily shown that the directivity of the array for the polarization is (3) where (4) and and are column vectors representing the array field-patterns and weights respectively. The superscript T denotes the transpose and H the Hermitian or conjugate transpose.
The equivalent system temperature can be expressed as (5) where is the noise covariance matrix for the array. That is the elements of are (6) where is the expected value and can be measured by correlating element pairs.
The system temperature is the sum of noise from the antennareceiver combination and radiation from the surrounding scene:
. Modelling the contributors to is described in other FPA treatments such as [34] , [35] , [42] , [43] .
Using (3) and (5) the G/T for the system is then (7) The weights for the maximum G/T are [25] , [44] (8)
A. Measurable Quantities
The model outlined above established the formulation for the maximum G/T weighting, however, in an assembled system there is usually insufficient information to determine accurate values of the embedded element patterns . We will show how the maximum G/T weighting can be found from data that is readily measured-the covariance matrix and the element responses to a distant point source-as used, e.g., in [34] . We will also detail a simpler weighting that does not require the covariance matrix, referred to here as the normalized conjugate match.
To establish the implementation based on measurable quantities, the unknown contributions of electronic gain, scattering by the antenna, dissipative losses in the antenna, mutual coupling losses and mismatch effects are assigned to a set of complex terms . A new weight vector is used to represents the weights actually applied in the beamformer.
Using (1) the voltage at the beamformer output is given by (9) where is the active element response to a distant point source and is the noise voltage at the beamformer output for unity weighting for the element (i.e. and , ). This modified model will be used to show that the maximum G/T weighting equivalent to (8) can be determined even though the electronic gains and the losses listed above are not directly known.
The relative magnitudes and phases of the are determined from the correlation product from the interferometer pointed at a point source. The noise covariance matrix, scaled for the weight vector , is (10) Using the relationships between and and between and , (7) can be expressed in terms of and , giving (11) As with (8) , the weights for the maximum G/T are (12) This expression allows the maximum G/T weighting to be found from the conveniently measured data and . Initially the full covariance matrix was not available from the system and so a simpler weighting was employed. The conjugate match to the desired signal was normalized by the noise from each element, that is the diagonal of the noise covariance matrix and so the weighting terms are (13) The equivalent weights in terms of the field patterns and noise covariance matrix referred to the radiation port are (14) The similarity between this normalized conjugate match and the maximum gain is described in Appendix B. The normalized conjugate match and the maximum G/T weightings are equivalent if the noise from each element is uncorrelated.
With this black box approach, it was possible to obtain the data for calculating the weights using the completed radiotelescope system. The calculation of the maximum G/T weighting (12) requires the element responses to a distant point source and the noise covariance matrix with the antenna pointed away from any strong sources (off-source).
III. INSTRUMENTATION
The performance of a prototype radio telescope with various beamformer weightings has been studied. Twenty one of the sixty four elements of the array were selected for beamforming. Fig. 4 shows the positions from above the dish and feed, the dominant polarization is electric field horizontal, west is in the top left corner and north the top right. The initial more central element selection was used first and is shown in Fig. 4 (b). Element number seven developed a fault and so the connections were then moved to an offset selection for the latter measurements ( Fig. 4(e) ). This moved the beam 1.8 away from the reflector boresight. With this set of connections, element 17 developed an intermittent fault. Being at the edge of the selected area it was expected to have less impact than element seven in Fig. 2 . The two dish prototype radiotelescope located in Sydney; the east antenna in the foreground is fitted with the FPA and the west antenna in the background with a single horn. the central element selection. The other three beamformer inputs were used for the reference (western) antenna feed and the two vertex noise sources used for calibration.
The original FPA range of 700 to 1800 MHz was found to be too wide with significant distortion products present from the severe radio frequency interference (RFI) environment of suburban Sydney. An 1150 to 1750 MHz filter was fitted to each element between the first and second amplification stages, leaving a few RFI free bands available for measurements. The center frequency of 1200 MHz was chosen for the results presented in this paper. At this frequency the element spacing was 0.51 wavelengths and with a higher frequency, with element lower spacing, a single element would dominate and beamforming would have less effect.
The separate receiver chains result in drift of the gain and phase for each element relative to the others. To correct for this a noise signal was radiated from the vertex of the dish by a noise source connected to a small antenna. With the noise source turned on and a coupled signal from the source fed into the correlator, a reference phase was established and this was used to compensate for drift. The noise source used in this instance did not have a stabilized output level and so the off-source autocorrelation of each element was used as a measure of the magnitude drift instead. A stabilized noise source is recommended for future systems.
Where an interferometer, with its higher sensitivity, is unavailable, a single dish can be used to obtain the beamformer coefficients and determine the G/T performance [17] , [34] , [46] . The prototype radiotelescope is described in more detail in [22] .
IV. MEASUREMENTS
A series of investigations were conducted on the prototype radiotelescope to demonstrate beamforming and evaluation methods. For each set of measurements, there were two phases: First the data required for calculating the array weights was gathered and then tests were undertaken to evaluate the system with beamforming applied.
A. Beamformer Weight Data Collection
The noise covariance matrix (Section II) was used for determining the system noise for different sets of weights. To generate the matrix, the antenna was pointed off-source, i.e. away from any strong sources whilst retaining a similar surrounding scene of radiative noise. This was achieved by keeping the elevation approximately the same for the on-source and off-source measurements.
The diagonal terms of this matrix dominated, being at least ten times the off diagonal terms. The correlation coefficients are used for this comparison where . Element pairs that were adjacent in the H-plane (e.g., elements 4 and 8, Fig. 4 ) had correlation terms between 6 and 10% of the diagonals. Element pairs that were adjacent in the E-plane had much lower terms. This corresponds to the degree of coupling that is expected with electric-source dominated elements [47] .
Initially the system was not equipped to measure and only the normalized conjugate match weighting was used for the central element selection.
In interferometer mode, both dishes were pointed at a suitable radio source and the correlations of each element against the reference (western) antenna were recorded. The galaxy M87 (Virgo A) was chosen for this purpose because it appeared as a point source for the 90 m baseline at 1200 MHz, it has a high flux density and it is available for 7 1/2 hrs a day for the location and range of motion of these antennas.
B. Evaluation of the Beamformed System
The weights were calculated from the noise covariance matrix and the point source response data (see (12) and (13)). The single element in the center of the 21 selected elements was used as a reference for the weighting cases (number one in Fig. 4 . It is stressed that this single element over illuminates the reflector and so a purpose designed horn, such as the one on the western antenna, would perform better in both noise and efficiency. Nonetheless, the single element was convenient to use as it was expected to have a similar noise contribution from the receiver electronics as the weighted array and its G/T would not change too much over time. Tests were also done with five elements to see the effect of the reduction from 21 elements.
The weighting cases applied were the normalized conjugate match with 21 elements for both the central and offset element selections and the maximum G/T with five and 21 elements in the offset selection. Fig. 4 shows the magnitude of the calculated weights for the cases presented here.
Radiation patterns were obtained with the system acting as an interferometer using a point source. The correlator output is the product of the voltage gains of the eastern and western dishes. The reference (western) dish tracks the source and the eastern dish changes its pointing relative to the source to make the pattern cuts. M87 was used for the central element selection. Sagittarius , being higher in the sky allowed a greater range in declination, was used for the offset element selection. Cuts were made in the E, H, 45 and 135 planes at 0.25 spacing over 8 and 10 spans for the central and offset selections respectively (Fig. 5) . The 45 plane (with respect to the E-field) corresponds to cuts in declination (north-south) and the 135 plane corresponds to cuts in hour angle (east-west). These patterns were interpolated using the formulation described in Bucci [48] .
The half-power beamwidth (HPBW) is about 1.7 with the variations shown in Table I. A readily accessible method was used to compare single element and beamformed G/T performance. A directivity measure was obtained from the interferometer response to M87 and a noise measure was obtained from the autocorrelation of weighted signal off-source. These measures do not represent the true directivity or system temperature as they do not include the overlap integral terms in the denominators of (3) and (5).
Their ratio however is proportional to the true G/T as shown by (7) and (11) . Table I shows the G/T improvement seen for the beamformed cases over the single element cases. These measurements were repeated a number of times and the results vary by about 0.1 dB but the difference between the normalized conjugate match and the maximum G/T case remains within 0.03 dB of the figures quoted.
The absolute G/T values for the offset element selection were determined by measuring the ratio of the power pointing at and away from a source of known strength. The G/T value then is found by (15) where is the Boltzmann constant, is the on-source/offsource power ratio and is the spectral power flux density of the source.
M87 was used as the source and its strength was determined by extrapolating the data from Ott et al. [49] , giving the value of at 1200 MHz. The uncertainty in , 0.02 dB, dominates the combined uncertainty of 0.7 dB ( 17%). The combined uncertainties quoted in this paper are calculated from the root sum of squares of the contributing uncertainties and represent the 95% probability interval. The system temperature over aperture efficiency (based on the dish area), , is also presented as the figure of merit as this is a useful way of comparing feed systems: (16) where is the dish area. Both figures of merit are shown in Table I . A measure of the system temperature can be arrived at by placing microwave absorber under the feed. A 1.8 m 1.8 m sheet of 457 mm thick absorber was used. The power ratios for with and without absorber, , are shown in Table I ; the uncertainty is 0.02 dB. The interpretation of these results requires knowing either the receiver system temperature or the noise contribution from the surrounding scene [50] . An estimate of the former is detailed in Section V-B.
V. DISCUSSION
The measurements are used to interpret the behavior of the beamforming weights in the prototype radiotelescope. Characteristics of the aperture distribution are determined from the radiation patterns. An estimate of the FPA noise temperature is calculated and then used to find the spillover temperatures and aperture efficiencies from the power ratio measurements.
A. Radiation Patterns
As a general observation, it is apparent from the pattern distortion that the H-plane radiation pattern cuts for the single and beamformed central element selection (Fig. 5(a) and (b) ) suffered minor contamination with noise. This is probably due to interference being present at the moment of the distorted data in those cuts.
The patterns in the E and 45 planes show a coma effect in the single and five-element cases for the offset element selection (Fig. 5(c) and (d) ). However in the 21-element cases the effect is reduced (Fig. 5(e) and (f) ). This improvement demonstrates the ability of FPAs to compensate for such off-axis aberrations [51] .
To understand beamforming behaviour, it is valuable to determine the aperture field distribution generated by the feed patterns. Aperture distributions are commonly ascertained using microwave holography from an extensive 2D far-field map. This approach was not available here and so the technique described in Appendix A is used.
The magnitude and phase distributions from the measured cases are shown in Figs. 6 and 7 respectively. The magnitude plots show a slight narrowing of the feed pattern for the beamformed cases over the single element cases. The phase plots are flatter in the beamformed cases. This is most likely due to the phase center of the array elements being slightly above or below the focal plane (defocused) and the beamforming correcting the location of the phase center.
In the central element selection the first sidelobe levels are higher for the beamformed case (Fig. 5(b) ) than for the single element ( Fig. 5(a) ). The aperture distributions show an increase in aperture taper for the beamformed case (cf. Fig. 6(a) and (b) ) and normally this reduces the sidelobe levels. However the concentration of the feed pattern under the feed blockage appears to be the factor increasing the sidelobes [52] .
A tradeoff to be considered with the use of FPAs is the increased blockage. On this instrument, the feed, occupying 2.1 , blocks 1.3% of the physical aperture, corresponding to a 5% reduction in gain [52] . The struts, occupying 3.4 , block 2.1% of the physical aperture corresponding to a 4% reduction in gain.
B. G/T Results
The equivalent receiver noise temperature of the FPA was calculated to aid in the understanding of the G/T results. This was calculated as 137 K using estimates of component contributions, listed in Table II , obtained from both the FPA supplier and data from the modifications performed by CSIRO. Note that includes dissipative losses in the antenna but not radiation from the surrounding scene, such as spillover. Measurements on an array with the same elements and LNAs but with a differing subsequent receiver chain produced a very similar result [53] .
Rough uncertainties assigned to the values contributing to this estimate show the two dominant contributors to the total uncertainty in are the dissipative loss in the antenna and the LNA noise. The former is assigned 95% confidence interval bounds of 0.1 and 0.2 dB, based on our experience with similar calculations and measurements, resulting in a 10 to 20 K uncertainty in and the latter bounds of 9 and 18 K, based on the manufacturers data sheet and resulting in contributions of 9 and 18 K to the uncertainty. The upper and lower bounds are combined as a root sum of squares separately. The combined 95% confidence interval bounds for are 17 K (120 K) and 29 K (166 K). The relatively high combined uncertainty in reflects the incomplete nature of the information readily available for this FPA.
The estimated value of the receiver equivalent noise temperature, , was used to give representative values of the equivalent noise temperature from the surrounding scene for the offset element selection. This is given by (17) where is the temperature of the absorber, 299 K, and is the power ratio. These results are shown in Table I . The uncertainty in is dominated by . This varies slightly for the different measurement sets with the worst case being 16 K. The uncertainty is much less for the relative values however:
for the five-element maximum G/T case is 46 3 K lower than the single element case.
for the 21-element maximum G/T case is 58 4 K lower than the single element 
TABLE II FPA NOISE BUDGET
This is the energy picked up by each element that has been radiated from the termination presented by surrounding LNAs. It was calculated from the scattering matrix measured from the array (without the electronics) and an estimated equivalent noise temperature presented by the LNA inputs of 100 K [50] .
Estimated by the FPA supplier [50] . Data sheet for the LNA [54] . Calculated by the designer [55] . Measured prior to installation.
case. The difference between the normalized conjugate match and maximum G/T for 21-elements is 10 1 K. The , and values can be combined to find the antenna aperture efficiency using the expression (18) The values for the offset element selection weightings range from 41-57% (Table I ). The combined uncertainty in the efficiency is 10% in absolute terms and is dominated by the uncertainty in . It is interesting to note that this calculation is relatively insensitive to the coarse estimate of the receiver noise with it contributing only 2-4% to the total. Higher efficiencies are expected with an FPA where more elements are used.
C. Comparison of Weighting Cases
In the measured results there is close correspondence between the normalized conjugate match and the maximum G/T weighting cases in the radiation patterns, the aperture distributions and the G/T measures. The normalized conjugate match has a slightly higher directivity (aperture efficiency) and the maximum G/T has slightly better noise performance. As the normalized conjugate match does not take spillover noise into account (assuming identical spillover for the individual elements) the similarity suggests aperture efficiency improvement and not noise reduction dominated both cases.
The maximum G/T weighting reduces to the normalized conjugate match when the noise covariance matrix is diagonal. On this instrument the receiver noise temperature is relatively high, hence the dominant diagonal terms in . Where the receiver temperature is very low, reduction of spillover is expected to be more dominant for the maximum G/T case and the two weightings would be less similar.
The five-element case showed about half the G/T improvement of the 21-element case (Table I) . The difference between the G/T comparison method (Section IV-B) and the on/off M87 result is accounted for by the uncertainty estimates: 2.1 0.1 and 2.4 0.7 dB respectively for maximum G/T over single element.
The normalized conjugate match and the maximum gain weightings are shown to be equivalent in certain cases as shown in Appendix B. They have the same relative phase and are equivalent if across the beamformed elements, the radiation efficiencies are equal and the noise temperatures are equal. The dominantly weighted elements are away from the edge of the array and so will have similar radiation efficiencies. Measurements on the FPA show a variation of up to 2.5 dB. Taking the worst case of this disparity being on two dominant elements, the reduction in the gain is 0.09 dB. That is gain from the normalized conjugate match is within a tenth of a decibel of the maximum gain achievable.
VI. CONCLUSION
The practical implementation of beamforming an FPA in a prototype radiotelescope has been presented. A normalized conjugate match and the maximum G/T weightings have been applied and evaluated. The results were compared to a single element from the array and a similar moderate improvement in G/T was seen in both cases. With lower noise FPAs, a greater difference between the two weightings is expected.
The formulation for the beamforming was presented using a black box approach based on standard beamforming methods. Scattering matrix or similar models are essential for good FPA system design and can provide good predictions of performance [15] . The black box approach shown here demonstrates what can be readily determined from measurements on an installed system alone. It accommodates factors such as any omissions in modelling, such as supporting structures, and drift in the electronic gain amplitude and phases with temperature and over time as well as component failures. The relationship between the black box formulation and a scattering matrix method was also detailed. The black box approach does not separate out the performance of the different components and so is less useful for synthesis or analyzing where the system could be improved.
Beamforming schemes used in an operating radiotelescope are likely to be close to the maximum G/T methods explored here (and in other recent FPA prototypes) because of the importance of sensitivity to the field of radioastronomy. The maximum G/T does not however address other considerations such as sidelobe level, main lobe shape, pattern stability and polarization purity. These may need to be taken into account as well (as in [29] , [34] ) and would require high dynamic range measurements or accurate modelling of the element radiation patterns. The normalized conjugate match was shown to be useful in the system development due to its simplicity but is unlikely to be appropriate in an operational setting because it does not minimize correlated noise.
The evaluation techniques allowed the antenna system to be characterized with some limitations. The radiation patterns gave an indication of the aperture distribution but more extensive pattern cuts or a holography grid would provide superior resolution and greater confidence in the interpretation of the results. A relatively sensitive technique for comparing G/T values as well as a less sensitive method for determining the absolute value of G/T were demonstrated. The uncertainty of the latter was high due to the limited strength of the source, M87. This uncertainty would be much lower with a stronger source such as the northern hemisphere's Cassiopeia-A. While the noise performance of this system was modest, the beamforming and evaluation techniques are applicable to future systems.
Modelling and design techniques for FPAs are rapidly improving with the efforts from a number of groups. Within CSIRO, FPA development is continuing using another test-bed at the Parkes observatory (where the RFI is much lower) [19] , [36] , [46] .
APPENDIX A APERTURE DISTRIBUTION CALCULATION
The available data consists of four patterns cuts, equally spaced in the azimuthal coordinate, , over eight or ten degree spans in the elevation coordinate, , where the coordinate system is aligned with the beam peak. This angle is interpolated as described in Section IV-B and , is interpolated using a cubic spline. The aperture distributions are then calculated by applying 2D Fourier transforms to this far-field data. A Hamming window is used to reduce ripples in the aperture distributions.
The validity and limitations of this technique was tested using models of aperture distributions. These include feed and strut blockage. A parabolic taper on a pedestal was used for the test distribution with differing profiles and 6 dB edge illumination . Quadratic phase distortion of similar magnitude to the single element results, was introduced in the form . is the radius of the dish. Magnitude and phase cuts of the fields in three such test apertures are in Fig. 8 along with the regenerated apertures. The far-field patterns were generated from the test apertures (using the formulation in [56] , p283). Comparison of the initial and regenerated apertures show the effect of spatial filtering and little can be determined by the regions around the blocked center of the dish or the edges. Within the annulus of to 6 m however, the test apertures exhibited an RMS phase error of 0.24 for the quadratic phase case and much less for the flat phase case and 2% and 5% RMS amplitude error for the and cases respectively.
APPENDIX B NORMALIZED CONJUGATE MATCH AND MAXIMUM GAIN
Our purpose here is to relate the black-box implementation (Section II) to a conventional scattering matrix representation, which is often used in synthesis. The correspondence between the models is used to demonstrate the conditions under which the normalized conjugate match weighting (black box) is equivalent to the maximum gain weighting (scattering matrix). Particularly noted is the difference in the choice of reference plane dividing the array and the beamformer.
Scattering matrix analyses of arrays is well covered in the literature in a range of different forms (e.g. [57] and [58] ). The scattering matrix model of the array is shown in Fig. 9 . The receiver electronics (with the LNA having the major effect) is included in the model by splitting each receiver into a passive-reciprocal two-port, , representing the network element presented to the array port and an isolating-matched amplifier representing the electronic gain (Fig. 9) . The gain is included in the weighting terms . The are embedded-element field-patterns for the polarization and the antenna gain (including the receiver match) at the port is . The voltage signal response to a polarized plane-wave in terms of the scattering matrix model is (cf. (1)) (19) where and are the weight and embedded-element field-pattern column vectors.
The choice of reference plane results in the field patterns from the black box and scattering matrix models to be related by complex terms that are constant over the sphere. Equivalent weightings from the two models (i.e. producing the same output for the same incident radiation) obey the identity . A consequence of the field patterns from the two models being proportional to each other is their directivities are the same (20) (21) The denominator of (20) is unity from the definition of the ( (2)). Consider (21) in terms of the scattering matrix model in transmit. The denominator is the ratio of total power radiated and power available for the port only excited. By comparing (20) and (21), the relationship between the and the is (22) and between and (23) where is an (undetermined) phase. The maximum gain condition, that is the maximum power delivered to the beamformer output, given the constraint that is constant, is given by the conjugate match to the signals from the array port, . Inserting this into (23), . If both and are constant across the array, the normalized-conjugate-match condition is equivalent to the maximum gain condition. 
